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Absgtract

In this paper the influence of geometricel
discontinuities on the vibration characteristics
of simply supported composite plates is investiga-
ted. legrenges' equations of motion have been
employed for the analysis and in the case of free
vibratioms, these lead to an infinite system of
frequency equations. Four groups of gymmetric,
antisymretric and a combination of symmetrie end
entisymmetric modes are considered. The frequencies
and the corresponding normelised eigen vectors are
obtained using the root power method. Results have
been obitained for square, simply supported plates
with cemirally located holes and square cut-outs
for differeat fibre orientations. Retios of prin-
cipal Young's moduli of 1, 3, 10 and 40 have been
uged in the computetioms. The varistion of the
frequency with various perameters such as the ratio
of the hole or cut-out size to plate length, modulus
ratio, fibre~orientation angle, is considered. The
fundemental frequency decreases for medium sized cut-
outs for ©° and 15° fibre orientetimm angles; such a

decrease is not observed for 30° and 45° orientatioms.

The theoretical results are compared with the
limited " results availeble in the literature end
also with the experimental results obiained im this
study for isotropic and unidirectionally reinforced
gless-epoxy plates with central circular holes.
I. Introduction

There is & need to study the vibration cherac-
teristics of plates and shells with geometrical dis-
continuities. These discontinuities of various
sizes and ghapes are required for lightening the
structure, altering the resonant frequency, etc., in
aerospace and marine structures which are made of
composite mattﬂals. Several nethtgs such as
Rayleigh-Ritz y finite-element and finite~
difference (3) nave been previously used to deter-
nine the natural :trequenciis of plates with dis-
continuities. The authors(4) have used a method
which is similer to byt more general tham thet usged
by Basdekas end Chi(5) to determine the natural
frequeacies of simply-supported and clamped-clemped
composite plates with square, central cut-—outs,

In the present study of composite plates with
circuler holes, lagrange's equations of motiom have
been employed end for free vibratims these lead
to an infinite system of frequeney equations. A
sixteen point Gauss-quadrature formula has been used
to determine the integrals (Ref. 4) and there is a
need for a numerical integration scheme, Four
groups of symmetric, antisymmetric and a combing-
tiom of symmetric and antisymmetric modeg are

considereds A suitable size of the fregquency
equation is chosen depending upon the sccuracy
and the computation time involved. Root power
method has been used in the computation of fre-
quencies and corresponding eigemvectors., Experi-
ments have also been conducted on unidirectionally
reinforced B-glass-epoxy plates with and without
holes.

Results have been obtained for square, simply
supported plates with centrally located circular
holes for different fibre orientations. Theoreti~
cal results for unidirectionally reinforced
B-glass-epoxy plates are verified with experimen~
tal results and are also compared with those for
a plate with central square cut-ouits. The theo-
retical mode shapes have been obtained for a
square cut-out as well as a cireular hole, A
caomparison of the mode shapes for the central
circular hole end the central square cut-out is
madees The effect of hole size on the normalized
eigenvectors and the effeet of anisotropy for a
particular hole size on the nmatural frequency and
the corresponding eigenvectors are investigated.

II. Thegg

The legrenge's equatioms of motion, in the
presence of external forces, have the form
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vhere T is the kinetic energy of the system, V

is the potential energy, dr are the time-dependent
generalized dJisplacement coordinates and Pr are
the time~dependent generalized forces which include
the effect of discontinuities. The expressions for
the potentisl energy and kinetic energy of a plate
have been given in Reference 4,

The displacement, w, can be expressed as
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where (t) is the seneralized displacement
coordinate in the mm mode., £ (x,y) is the admi-

ssible function in the mn mode &nd can be given as
a product of beam characteristic funetioms in x
and y directims.

For a simply supported plate,
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The function @ _(x,y) in Equation (3) satisfies
the geometric %undary conditims but not the

natural boundary conditions, except in the case
of an isotropic plate. '

Substituting the expressimns for potentiasl
and kinetic energies in Equation (1) and teking
into account the premence of holes or cut-outs,
the following equation is obtained for free
vibration:
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T‘he expresgions for the expressiong for an>
i i and o/” are given elsewhere
(ReZ44)s mn
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The expressias for an and Olpn get
simplified for a cut-out, however, for = cireular
hole there is no such simplificatiom and therefore,
a numerical integration scheme has been employed.
Equatim (4) defines an eigenvalue problem and its
solution gives matural frequencies and correspond-
ing eigenvectors.

111, Characterization of the Composite Materisl

In order to study the dynamie response of
unidirectionally reinforced composite struetural
elements, it is necessary to characterize the
dy ¢ behaviour of these materisls. Bert and
Clary 6) have evaluated different experimental
methods for determining dynamic modulus and damp-
ing of composite materialse Based on this evalug-
tion, forced vibration response technique which
is simple and where modulus can be determined from
the resonant frequency and demping from, the half-
power point frequencies, was used. The specimens
tested were glass~fibre reinforced epoxy beams
(cut fram unidirectionally reinforced sheets) with
fibre orientationa of 0°, 15¢, 30¢, 45¢ and 90¢
with respect to the beam axis. The beams were of
the dimensions of 1,0 in. width, 0.09 in. thick
and 9.1 in, 101330

The beams were mounted on an electrodynamic
shaker which was excited by an oscillator through
a power smplifier. Electrical resistence foil
strain gauges were mounted on the top and bottom
surfaces of the beams to record bending strains,
The clamped end of the beams was given a sinuw
soidal harmonic motion and the output of the

strain gauges was seen on an oscilloscope. The
resonant frequency was determined by seeing the
amplitude of the strain gauge output and then
ad justing the exciting frequency to get the
maximum strain gauge output. The beams were
excited over a frequency range of 10-600 cyps.
The resonant frequency was measured om an elec-
tronic countere The dynsamic modulus was then
determineds The effect of shear correetion was
also considereds It should be noted that as the
modulus was a funetim of frequency, an aversge
value has been used in the computations for plates
with cut-outs.

The static modulus was determined by testing
tensile specimens of 0°, 450 and 90° fibre orien-
taiions with sirain gauges on an Ingtron machine,

The dynamic and statie properties of unidirec-

tionally reinforced E~glass epoxy eomposite mater-
ial used in this study are given in Table 1.

Teble 1. Static and Dynamie Elastic Congtants

Constant Statie (x1o5pai) Dynemic (x106psi)
E,, 2,02 2,08
E,, 0653 0.74
G1z 0.18 0427
Y12 0435 0435

IV, Experimental Study

The test plates used in the experimental
investigation other than aluminium plates were cut
from a unidirectionally reinforced E-glass epaxy
sheet. Square plates with 0¢, 15°, 30¢ end 45¢
fibre orientations were testeds. In order to study
the vibration characteristics of plates, the follow-

steps were taken: '
123 vibration characteristics fer the umidirection-
ally reinforced plates without heles were found,
(b) small holes were drilled in the plates, the
vibratim characteristics were found,
(c) the holes were enlarged to size on a high
speed routing mechine using aluminium templates,
the vibretion characteristics were found,
(a) the previous step was repeated for all hole
gizes required, The hole sizes used in the test
were 0045 in., 148 in, and 306 in. diameter.

A test fixture was designed and febricated to
study the vibrations of plates. It consisted of
four vertical members bolted to the foundation end
four horizental members supporied by the vertical
members., On the horizontel members e thick plate
with an internal square opening wes kepte. The
thiek plate could be secured on the horizontal
nembers. Provision was made on the thick plate to
place rollers for conducting experiments on simply-
supported plates. Simply supported conditions were
achieved by placing the test plate between two sets
of rollers. The upper set of rollers was held in
positim on another plate with an internal square
opening. The test plate was held between rollers
by bolts. Tests were carried out first on a solid
aluminium plate and the torque an the bolts to hold
the thick plates with rollers was appropriately
chosen to give a good agreement between the theore-
tical and experimental results. The same testing



conditions were maintained throughout the course
of experiment.

The test plates were excited acoustically by
means of a loud speeker. The signal was fed ‘o
the loud speaker from an oscillator through an E,/E,= 2.81, G;p/E5 = 0.37, »,,=035
emplifier and the amplitude of the signal could be Cut-out «uum
controlled both fram the oscillator and the ampli-~ Hole  —— N
fier. The signal frequency was measured by an elec- oo .
tronic counter, The mode shapes were visualized by
sprinkling aluminium oxide granules on the plates. 170

Because of the loud speaker power limitation, 150
only the first three symmetrie modes could be
exciteds The experimental mode shapes have not

130
been reported here, but in general they were very

4

Q
similar to the caomputed mode shapes. S 0
oS
V. Resulis and Discussim N
& - s 90
Natural frequencies and mode shapes have been 5
determined for square, simply supported plates with 70
central circular holes for different fibre orien-
tations, For a comparison of experimental and 50
theoretical frequencies, the computatims for uni-
directionally reinforced E-glass-epoxy plates were 30
made teking the dynemie properties from Teble 1. 1]
Results are shown in non-dimensionalized form. 1o . L . ) . L '
0O 0!I 02 03 04 05 08 07 O
The variation of frequency with hole-size : d/a
parameter (d/a), defined as the ratio of the dia~
meter of the hole to the length of the plate, is
shown in Figures 1 to 4 for fibre orientations > .
8e, 150, 300 and 45°, The theoretical results Figure 2, Variation of Frequency with Hole Size for
are canpared with those for a plate with central @ = 15°
square cut-outs and also with experimental resulis.
The frequencies have been subscripted (11, 12, etc.)
2;1 the bas:sng:t}‘ lergest amiliwde coefficient in E\/Ep = 2.81,6,p/E,2 037, v,,:035 _
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Pigure 3, Variation of Frequency with Hole Size for
8 = 300

Figure 1, Variation of Prequency with Hole Size for
6 = 00
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Figure 4. Variation of Frequency with Hole Size foi‘

8 = 450

It is seen that for all fibre orientations,
4] 1 increases with incresse in d/a retio. This is
no‘l true far frequencies @ 2, W5y AW, .
These are congtant for mﬁei- va&ues of d;z and
decrease as d/a is incressed. However, further
ineresse in the hole size increases the frequencies.
The frequency &) 2 behaves in a different manner.,
It decreases wi inerease in the hole smize but
is found to increase with lerger d/a ratios. For
smaller values of d/a there is no appreciable
change in (O 4 but it increases as the hole size
is increaseds Por all the angles, modes correspond-
ing to @, and W {5 &re found to interchange, It
is interes%gng to no%e that frequency curves for
W1y 8nd 0,, come closer and those for W, and
Wy, Beparsie from each other as the fibre grien-
ta%'f)on angle is increased.

Experimental results for the first three
symzetric modes ere compared with theoretical
results end the agreement is found to be goode In
general it is seen from Figures 1 to 4 that the
vérietien of different frequencies with d/a for a
hole and for a cut-out is similar, At smaller
d/a ratios (0.15 to 0.2), the frequency values for
& cut-out ag well as for a hols are practically
the sames

The theoretical mode shapes far a unidirec~
tional E-glass-epaxy plate with & hole are shown
in Figures 5 and 6. The mode shapes and the corres-
ponding frequencies for 6 = 0° asye shown in Figeh
and those for © = 45¢ are shown in Fige6e The
symmetric modes are found to distort due to the
presence of the hole.

A comperison of the mode shapes and frequen-
cies 158 made between a cut-out and a hole in a plate,
The mode shapes are found to be similar for the
Same mode s
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Figure 5. Prequencies and Mode Shapes for 6 = 0°
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Figure 6. Frequencies and Mode Shapes for @ = 450

A comparison of the normalized eigenvectors
for different d/a ratios in the case of @ = 0°
and frequency (_01 is ghown in Table 2, It is
observed that as 2he d/a retio is increesed, the
influence of other modes is more pronounced.

A comperison of the frequeney values and
normalized eigenvectors for a square, simply
supported plated with different modulus ratios for
a particuler mode is given in Table 3, The fre-
quency incresses with inereasing modulus ratio,
for composite plates. The eigenveoctors for unidi-
rectionelly reinforced plates are similar, This



suggests that through the frequency value is chan-

ged, there is practically no change in the mode
shape.

Table 2. Comperison of Normalized Eigenvectors
for 6 = O° y W 13

Amplitude

coszicients d/a = 00 d/a = 0.2 d/a = 0.5
Aqq 0.0 ~0,1222  =0.4976
A13 140 1.0728 1.1274
A5 040 ~0.0318  =0.0599
Ag 040 040150  =0,0621
A9 040 =0.0114  =0.4327
‘33 00 -0+0222 00640
135 e 0.,0196 060038
A7 0.0 -0.0110  -0,0420
A51 040 =040083 00527
Ags 00 040096 ~0.0183
Ass 040 ~0.0088 040036
Az 040 040060  -0,0095
A1 040 ~0,0042 040360
A 040 ~0.0042  =0,0271

Table 3. Comparison of Frequencies and Amplitude
Coefficients for 6 = Q¢ , QJB

E E B
L o | 1
=1(iso~ =3 §-= 10

E.,
tropic) 2 2

=

aa‘_‘m
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gx:fflggdc a)13=147.79 a%f108.33 4)13=158.12 a2l3=169.46

cients
‘11 ~049919 =005289 ~142741 1.0026
A13 0.8510 1.1176 1.0456 11300
A15 0,0140 -0,0190 11371 045063
A17 00069 040729 ~0+8099 042311

1 048510 0 o4 047 0.0983 -0 +0019
A33 065767 0.0710 03197 0.0997
A35 -0‘.0101 ~0,0342 «0eT797 -041956
A37 040071 060650 0.7890 0.1920
A51 040140 0.0256 «~044053 ~040411
A53 -o:mm 0.,0003 042603 0,0196
AL ~0.0040 0.0040 040049 00240
A57 030106 =0 40216 042632 =0 40353
A.” 040069 060467 043256 0.,0527
A73 -0 40071 «0.0395 ~0.2844 -0 40473
A75 040106 0.0191 0.1672 00310
A77 ~0,0084 -040010 «0,0117 =0 +0063
Vi. Conclusions
1. The fundeamentel frequency increeses with increase

in hole size for all fibre orientations, as in

isotropic plates.

2. The fundsmental fregquency for plates without

holes decreasses with increase in fibre orientation.
In general the behaviour of differemt frequencies
for a hole and for a cut-out is similar. The effect

3

of shape is seen only at larger d/a ratios.
4.

cut-out)e.

The symmetric mode shapes distort in the presence
of geometricel disconbtinuities (hole snd square
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A good sgreement between the experimental end
theoretical results has been obtained. This
indicates that the present method of analysis
which is simple can be used to solve more
complicated problemse
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